We analyze superconducting correlations in the one-dimensional Kondo lattice models with Ising anisotropy under transverse magnetic fields by using the density matrix renormalization group. For the spin-1/2 local spin model, the Ising anisotropy is introduced by the ferromagnetic Ising interaction between the localized spins, while for the spin-1 model, it is taken by the single-ion anisotropy. The magnetic properties under the transverse fields for the spin-1/2 model are very similar to those for the spin-1 model [K. Suzuki and K. Hattori, J. Phys. Soc. Jpn. 88, 024707 (2019).]. For the superconducting correlations, we analyze various Cooper pairs within nearest-neighbor pairs including composite ones between the local spin and the electrons. We find that, only for the spin-1/2 model, the superconducting correlations are highly enhanced in the Tomonaga-Luttinger liquid state near the Kondo-plateau phase, where the conduction electrons and the localized spins are strongly coupled with a finite spin gap for the Ising axis. This is a clear contrast to the model under the longitudinal magnetic fields, where there are no noticeable superconducting correlations. Competitions between the transverse magnetic field and the Kondo singlet formation lead to this enhanced superconducting correlations. We discuss a possible relation between our results and reentrant superconductivity in U-based ferromagnetic superconductor under transverse magnetic fields.
Introduction
Ferromagnetic (FM) superconductivity have attracted great attention after the discovery of the first report in UGe 2 . 1) For about two decades, both experimental and theoretical studies have been carried out intensively, and at the present time, there are several candidate materials for the FM superconductors such as UGe 2 , 1, 2) URhGe, 3) UCoGe, 4) UIr, 5) and so on. UTe 2 , 6, 7) recently discovered to be a superconductor, is also considered to possess similar physics to these lines of materials. 8) An important aspect in these compounds is that they all show the Ising anisotropy in their magnetic responses. [9] [10] [11] Owing to this, the effects of the longitudinal and transverse magnetic fields are distinct on their superconducting (SC) properties. For URhGe and UCoGe, these aspects have been extensively studied in the early stage of the experiments. For example, URhGe shows a FM transition at T c ∼ 10 K at zero magnetic field H = 0 with the magnetic moment parallel to the c-axis, and a SC transition occurs at T sc ∼ 1 K. 3) Upon applying the transverse magnetic field along b-axis, the superconductivity disappears at H b ∼ 2 T, while it reappears at around H b ∼ 8 T. 12) The high-field superconductivity is related to the FM transition under the transverse fields. This is called reentrant superconductivity and is the main subject of this paper. Detailed NMR experiments clarify the profile of the spin fluctuation around the tricritical point of the ferromagnetism. 13, 14) Similar tendencies are also reported in UCoGe, [15] [16] [17] where the superconductivity continues to exist with huge enhancement in the transition temperature. 18) For theoretical sides, FM superconductivity have been intensively studied, 19, 20) starting from the analysis of the superconductivity in UGe 2 . [21] [22] [23] [24] For the reentrant superconductivity, there are several theoretical analyses, such as the Isingmagnon mechanism, 25) superconductivity mediated by phenomenological spin fluctuations, 26, 27) and the effect of a Lifshitz transition 28) in recent years. However, the lack of microscopic analyses prevent us from deep understanding of the reentrant superconductivity. It is highly desired to clarify whether SC correlations are developed or not in a standard model describing the Ising ferromagnet.
In our previous study 29) , we have clarified the magnetic phase diagram of the one-dimensional spin-1 Kondo lattice model (KLM) with the single-ion anisotropy under the transverse magnetic field. In this study, we further extend our analysis to the SC correlations in the one-dimensional KLMs by using the density matrix renormalization group (DMRG) method, 30, 31) which is the most reliable numerical method to analyze one-dimensional correlated systems. The DMRG method enables us to examine the enhancement of the SC correlations and identify the possible mechanism related to the true ground states of the system. Although the onedimensional models are too simplified to represent the real situations, the tendency of the SC correlations affects the bulk properties in the higher dimensions. Thus, we believe that the asymptotically exact DMRG data in the one-dimensional models are quite important as a starting point of the discus-sions about the higher-dimensional systems.
From the theoretical point of view, there are several studies about the KLM with Ising anisotropy [32] [33] [34] and the Kondo-Heisenberg model. [35] [36] [37] [38] However, the superconductivity has not been well studied in these works. For the conventional KLMs, i.e., without the exchange interaction between the localized spins, the superconductivity is analyzed by several authors. For example, the s-wave superconductivity is claimed in the dynamical mean-field theory study with the numerical renormalization group as the impurity solver. 39, 40) However, different superconducting states are reported by the more elaborated dual-fermion approach by Otsuki, 41) and he shows that an odd-frequency superconductivity in addition to the conventional one is realized near the antiferromagnetic phase. For the two-channel KLM, Hoshino and Kuramoto demonstrate that composite pairs, which corresponds to the oddfrequency pairs in the conventional Cooper pair amplitude, indeed, emerge at the infinite dimension. 42) For extended Anderson lattice model in one-dimension, Watanabe et al., discuss possible superconductivity near the valence critical point by using the DMRG. 43) Recently, the superconductivity in the FM phases and its magnetic-field effect in four-orbital Anderson lattice model are analyzed for discussing UGe 2 . 44, 45) Compared to the above theoretical studies, our interest in this paper is on the superconductivity under transverse magnetic fields in the Ising anisotropic Kondo lattice model. This kind of aspect has never been discussed in the numerical studies of the KLM and is worthwhile to be clarified. This paper is organized as follows. In Sect. 2, we will introduce one-dimensional KLMs with the local spin-1/2 and spin-1 degrees of freedom; with Ising anisotropy in the exchange interactions for the former and with the single-ion anisotropy for the latter. Sect. 3 is devoted to the introduction of the basic properties of the two models under the transverse magnetic fields, where the magnetic phase diagrams are discussed. In Sect. 4, first, we will show the formulation of composite Cooper pairs in our DMRG study, and then we will discuss the numerical results of the superconducting correlations. In Sect. 5, the effects of the longitudinal magnetic field is examined. We will also compare our results with the experimental data for U-based ferromagnetic superconductors. We will finally give concluding remarks in Sect. 6.
Model
In this section, we introduce two types of one-dimensional KLMs. 46) The one is the S = 1/2 KLM (spin-1/2 KLM) with an Ising-type interaction under a transverse field. The Hamiltonian readŝ
The other is the S = 1 KLM (spin-1 KLM) with a uniaxial anisotropy under a transverse field. 29) The Hamiltonian iŝ
Here, N is the system size andĉ j,σ is the annihilation operator of the conduction electron at the j site with the spin σ =↑, ↓.ŝ j = (ŝ x j ,ŝ y j ,ŝ z j ) represents the S = 1/2 spin operator of the conduction electron, andŜ j = (Ŝ x j ,Ŝ y j ,Ŝ z j ) is the local spin operator. The magnitudes of the local spins are S = 1/2 for Eq. (1) and S = 1 for Eq. (2). The local spin states at the site j are denoted as (|↑ j , |↓ j ) for the spin-1/2 KLM and (|⇑ j , |O j , |⇓ j ) for the spin-1 KLM. I > 0 and D > 0 represent the Ising interaction and the uniaxial anisotropy, respectively. h > 0 is the transverse magnetic field and J > 0 is the antiferromagnetic Kondo exchange coupling. t is the nearest-neighbor hopping and we set t = 1 as a unit of energy. Since the Hamiltonians Eq. (1) and Eq. (2) have a spininversion symmetry, 29) every state is labeled by the eigenvalues of the total electron number N c and the spin-inversion parity P = ±1. See Appendix A for the detail.
We note the following two differences between the spin-1/2 KLM [Eq. (1)] and the spin-1 KLM [Eq. (2) ]. The one is the magnitudes of the local spins and the other is the types of Ising interactions. The spin-1/2 KLM has the interaction between local spins, while the spin-1 KLM has the single-ion anisotropy.
We analyze the ground-state properties of both the KLMs with the open boundary condition (OBC) using the DMRG method. We use the initial guess of the ground-state eigenvector in the finite DMRG algorithm 47) to reduce the computation time. The local electron density, spin-spin correlation functions, and SC correlations are calculated for the system size up to N = 120. We keep the cutoff from m = 300 to 700 in the truncations and the maximum truncation error is ∼ 10 −5 .
Magnetic Properties
In this section, we will show the ground-state phase diagrams and magnetic properties of both the KLMs. First, we will show the h-J ground-state phase diagrams in Sect. 3.1. The spin-spin correlation functions are also presented and they can characterize each of the ground state. Then, we will show magnetization curves and explain "Kondo plateau" in Sect. 3.2. We will mainly show the results for the spin-1/2 KLM for n c = N c /N = 1/2. For other fillings, the results combined with the SC correlations are summarized in Sect. 4.2. Thus, we will omit to show them in this section. Since the phase diagrams and various correlation functions for the spin-1 KLM have been analyzed in our previous study, 29) we will use them for comparing with the results for the spin-1/2 KLM.
Ground-state phase diagrams
In this subsection, we briefly explain the overall features of ground-state phase diagrams for the two KLMs. Figure 1 shows the ground-state phase diagram of the spin-1/2 KLM for I = 1.0 and the electron filling n c = 1/2. The overall features are similar to those of the spin-1 KLM for D = 1.0 and n c = 1/2 as shown in Fig. 2 . Each phase is identified by the long-distance behavior of the spin-spin correlation functions:
Here, the bracket represents the ground-state expectation values. The calculations have been carried out for (N, o) = (80, 20) and (120, 30). The basic properties of each phase are as follows. χ c,ℓ z (r) remains finite as r → ∞ in the ferromagnetic (FM) phase, decays exponentially in the Kondo plateau (KP) phase, and exhibits a power-law decay in the Tomonaga-Luttinger liquid (TLL) phase. In the fully-polarized (FP) phase, the local and electron spins are fully polarized by the strong magnetic fields, where χ c,ℓ z (r) shows an exponential decay. There is uncertainty in determining the ground state near some phase boundaries. In the shaded area in Fig. 1 , χ c,ℓ z (r) decays exponentially in short distance, while it shows a powerlaw decay in long distance. We cannot precisely determine the ground state there within our calculations for N ≤ 120.
When the Kondo coupling J = 0, the conduction electrons are decoupled from the local spins, and the FP phase appears at h FP = 2(1 − cos πn c ) for the two KLMs. In addition, for the spin-1/2 KLM, the FM phase appears for 0 ≤ h < I/2, since the local spin part of Hamiltonian [Eq. (1)] is the transverse Ising model for J = 0.
The main difference between the two models is the appearance of anti-ferromagnetic (AFM) phases. For the spin-1/2 KLM, the FM interaction I between the local spins does not favor AFM correlations and no AFM phases appear. In contrast, for the spin-1 KLM, the effective interactions for small J are the Ruderman-Kittel-Kasuya-Yosida (RKKY) interactions, [48] [49] [50] which lead to the AFM phase with 2k 0 F = πn c oscillations. 29) 
Magnetic properties of the spin-1/2 KLM
In this subsection, we show numerical results mainly for the spin-1/2 KLM, focusing on the magnetizations and the spin-spin correlation functions Eq. (3). Figure 3 shows h dependence of m x + M x for the two KLMs with N = 80 and n c = 1/2. Here, the magnetizations along the x-direction are defined by
Spin-1/2 KLM (a) . Similar plateau appears at m tot x = 0.75 for the spin 1-KLM as shown in Fig. 3 
(b).
This can be understood as follows. When J is larger than the other parameters, all the conduction electrons are tightly coupled to the S = 1/2 local spins and form the spin singlet states. The number of remaining local spins is N(1 − n c ) and they are polarized along the x-direction owing to the magnetic field h, which leads to the magnetization plateau at m tot x = (1 − n c )/2. This is also valid even for the weakcoupling regime as discussed in Refs. 51, 52 and related to the notion called spin-selective Kondo insulator. For the conventional spin-1/2 KLM in the paramagnetic state, a similar magnetization plateau induced by the longitudinal magnetic fields is reported. 53, 54) Note that the ground state is ferromagnetic for h = 0 in our spin-1/2 KLM. The same mechanism of the magnetization plateau also works for the spin-1 KLM. All the conduction electrons form the spin-1/2 composites with the S = 1 local spins, leading to the magnetization m tot x = n c /2, and the remaining local spins, N(1 − n c ), are polarized. In total, the magnetization plateau appears at m tot x = (1 − n c ) + n c /2 = 1 − n c /2 for large J. Actually, the magnetization plateau at m = 0.75 can be clearly seen for the spin-1 KLM [ Fig. 3 When h = I = D = 0, the Hamiltonians in Eqs. (1) and (2) have the spin SU(2) symmetries, and the ground states for the both models are ferromagnetic for large J. 29, [55] [56] [57] [58] [59] Thus, the magnetization plateaus remain in the zero magnetic field for I = D = 0. For finite I or D, the Ising anisotropy forces the local and electron spins ordered along the z-direction, and the magnetization m tot x changes continuously from zero with increasing h as seen in Fig. 3 . The reason why the m tot x is larger for smaller I and D in Fig. 3 is owing to the fact that the magnetic moment can rotate and is along the ∼xdirection for smaller I and D, while it is along the z-direction for large Ising anisotropy. As I and D increase, the magnetization plateaus are gradually smeared out, and the metamagnetic behavior appears for the small h region as shown in Fig. 3 . The phase transition between the FM and KP phases occurs in this region. For the spin-1 KLM, we have demonstrated in our previous study 29) that this transition belongs to the two-dimensional Ising universality class, since the interaction between the local spins is Ising-like. We have confirmed that the same is also true for the spin-1/2 KLM by analyzing critical exponents as expected from the symmetry argument.
Next, we discuss the distance r dependence of the spin-spin correlation functions in Eq. (3) for n c = 1/2, J = 2.0, I = 1.0, and various h for the spin-1/2 KLM. Figure 4 (a) shows χ c,ℓ z (r) as a function of r for N = 120 and h = 0.1 with the cutoff m = 500 in the FM phase. One can see χ c,ℓ z (r) > 0 for r → ∞ and this is the signature of the FM state. We have checked the system size dependence of the magnetizations along the z-direction, m z and M z , for N = 60, 80, 100, and 120 as shown in Fig. 4(b) . Here, we define the order parameters m z and M z in the conventional way:
The data in Fig. 4 (b) are obtained by extrapolating m z and M z for m = 400, 500, 600, and 700 to that for m = ∞ for each N.
The system size and cutoff m dependences are very small, and thus, not shown here. From this analysis, the magnetizations for h = 0.1 are estimated to be m z ≃ 0.134 and M z ≃ 0.377. In the KP phase, the spin-spin correlation functions decay exponentially, and the correlation lengths, ξ c z and ξ ℓ z , can be defined by χ c,ℓ z (r) ∼ exp(−r/ξ c,ℓ z ). This means that there is a finite spin gap corresponding to finite ξ c,ℓ z in the spin sector. Figure 4 (c) shows r dependence of χ c,ℓ z (r) for N = 120, h = 0.6 and m = 500 in the KP phase. The correlation length of the local spin is almost the same as that of the electron spin (ξ ℓ z ≃ ξ c z ). This is similar to the results for the spin-1 KLM. 29) We have checked the system size dependence up to N = 120 and the cutoff m dependence up to m = 700, and they turn out to be sufficiently small.
For the TLL phase, the spin-spin correlation functions show a power-law decay χ c,ℓ z (r) ∼ 1/r θ c,ℓ z , which means that the system is critical. Figure 4 (d) represents that r dependence of χ c,ℓ z (r) in the TLL phase shows a power-law decay
Unfortunately, χ c,ℓ z (r) seems to show oscillations. Owing to this, the precise estimation of the critical exponents, θ c z and θ ℓ z , is difficult within our calculations for the system size up to N = 120 and the cutoff m = 700.
Superconducting Correlations
In this section, we will discuss the SC correlations in detail. Conventional superconducting order parameters are defined by the Cooper pair amplitude:
This is the order parameter breaking the charge U(1) symmetry, and Φ σσ ′ (i, j) is classified into the spin-singlet or the spin-triplet in spin-SU(2) symmetric systems. The fermion antisymmetry requires the spin-singlet (spin-triplet) Cooper pairs must be even-parity (odd-parity) when the two spatial coordinates are interchanged i ↔ j. The more sophisticate analysis taking into account the symmetry of the lattice, 60, 61) orbitals, 62) and topological aspects, 61, 63, 64) have been developed. There is another way to extend such classification and it was studied by Berezinskii, 65) where the properties under the time (or frequency) domain is taken into account. There, odd-frequency superconductivity 66) was proposed. One way to generate the odd-frequency superconductivity is known to construct a "composite pair" consisting of electrons and some bosons as [67] [68] [69] 
Hoshino and Kuramoto 42) have demonstrated that the infinitedimensional two-channel KLM indeed shows the oddfrequency superconductivity of this type with O ∼Ŝ. Recently, similar composite superconductivity has been discussed for the case of semimetallic conduction bands. 70) In this respect, for the KLMs, it is important to take into account such composite Cooper pairs when discussing the superconductivity. It should be noted that our target is not the oddfrequency superconductivity but the composite superconducting order parameters, since the data in the (static) DMRG is those for the equal-time quantity, and thus, it is meaningless to discuss the odd-frequency part.
In the following, we will discuss superconductivity including such composite pairs mainly for the spin-1/2 KLM. We will first show the formulation of the general Cooper pairs for our models in Sect. 4.1. Then, we will show the numerical results of the SC correlations in Sect. 4.2. The detailed profile of the composite Cooper pairs are discussed in Sect. 4.3. We will briefly discuss the results for the spin-1 KLM in Sect. 4.4.
Composite Cooper pairs
In the KLMs, the local spins and electrons strongly interact with each other, and thus, there is no reason to ignore the composite Cooper pairs when discussing the superconductivity. We consider the composite Cooper pairs between the local spins and the electrons in addition to the conventional pairs within the nearest-neighbors. Although the restriction of the size of the pairs is owing to simply the computational costs, we believe it is sufficient when discussing the relative amplitude between the composite and non-composite pairs. Within this restriction, we take into account the complete operator bases including the first-order
Note that we retain only operators that the electron and local spin couple locally, i.e., we have ignored ones such as
In actual calculations, we use the spin-inversion parity basis as summarized in Appendix A. We represent the generalized Cooper-pair operators in the spin-inversion parity basis as (rewrite Φ as ∆)
where, α and β run from 1 to 4 (9) for the spin-1/2 (spin-1) KLM and O α j 's are listed in Table I . p, q = ± represents the Table I . Definitions of the local operators O α j for the spin-1/2 KLM and spin-1 KLM. p represents the eigenvalue of the spin-inversion parity. The site index j is suppressed for simplicity in the list. For the definition of the local spin states for the spin-1/2 KLM, see Eq. (11) . The local spin states for the spin-1 KLM are defined in Appendix A.
spin-inversion parity. For the spin-1/2 KLM, the local bases with the eigenvalue of the spin-inversion parity p = ± are defined as
For the spin-1 KLM, see Appendix A . Similarly, the electron annihilation operator in the spin-inversion parity basis is defined also asĉ
Since one can take O α j as an operator with a definite spininversion parity similarly forĉ j,p as shown in Table I ,∆ αβ p,q ( j, k) and∆ α −,+ ( j, j) also have a definite parity. The lack of the SU(2) spin symmetry in our models inevitably leads to the classification based on the spin-inversion parity. Note also that
Thus, it is sufficient to consider only∆ α −,+ ( j, j) for the on-site pairs. In terms of the generalized Cooper pairs in Eqs. (9) and (10), we define the SC correlation functions as
For some Cooper pairs, these SC correlation functions are equal to zero. This is owing to the conservation of the spininversion parity eigenvalue. Thus, there are two decoupled (block-diagonalized) sectors. One is the even parity∆ and the other is the odd parity∆. Any correlation functions which consist of odd numbers of the parity-odd operators vanish. Thus, we just need to calculate the correlation functions in the two sectors separately.
To study the composite-paring superconductivity within nearest-neighbors, we introduce the two SC correlation function matrices for even (p = +) and odd (p = −) sectorŝ χ p sc (k, l) aŝ
Here, for example, the matrix elements ofχ p k,k;l,l ,χ p k,k;l,l+1 , andχ p k,k−1;l,l+1 can be read from χ α;β (k, k; l, l) in Eq. (13), (14), and χ αβγδ pp ′ ;qq ′ (k, k − 1; l, l + 1) in Eq. (16) with the spin-inversion parity p, respectively.
We diagonalize the SC correlation matricesχ p sc (k, k + r) in Eq. (17), and obtain the eigenvalues λ p sc (r) and the corresponding eigenvectors v p sc (r). Here, we set k = N/2 + 1 (the middle of the system) to reduce the boundary effects. The strongest SC correlation corresponds to the maximum eigenvalues of |λ ± sc (r)| and the corresponding eigenvectors. We denote them as λ p max (r) and v p max (r). The SC correlations are characterized by the power-law decay:
or by the exponential decay:
By analyzing the exponents θ ± sc or the correlation length ξ ± sc , we can discuss the strength of the SC correlations. Note that since θ free sc = 2 for the one-dimensional free electrons, θ p sc < 2 is the signiture of the enhanced SC correlations, and the corresponding eigenvectors characterize the nature of the Cooper pairs.
Before discussing the numerical results, let us comment on a subtle issue about the SC correlation matrices in Eq. (17) . In the open boundary condition (OBC), the SC correlation matrices are not symmetric, which means that the eigenvalues can be complex values and the right eigenvectors v R (r) are not equal to the left eigenvectors v L (r). Considering the fact that the SC correlation matrices are symmetric, if the translational symmetry is present, the anti-symmetric parts of the SC correlation matrices are expected to be negligibly small even in the OBC, as long as the system size is sufficiently large. In our calculations, we take the system size up to N = 120, and we find that χ 
Numerical results: superconducting correlations
In this subsection, we show the numerical results of SC correlations, focusing on θ ± sc . Figure 5 shows h dependence of the SC exponents θ In clear contrast to the above, the SC correlations corresponding to λ + sc (r) are strongly enhanced in the TLL phase close to the KP phase as shown in Fig. 5 . In particular, θ + sc ∼ 1.2 for J = 1.0 and h = 0.65 [ Fig. 5(b) ], where the KP phase fades out and the FM phase are also suppressed by h. θ + sc ∼ 1.2 is the minimum value through out our calculations for I = 1.0 and 0 ≤ J ≤ 2.0. Away from the KP phase with increasing h, θ + sc returns to the larger value 2. This tendency is also the case for J = 2 as shown in Fig. 5(c) , and θ + sc ∼ 1.4 for h ≃ 1.4 close to the KP phase. For smaller J = 0.5, such enhanced SC correlation is absent as shown in Fig. 5(a) , where there is no KP phase. The relation between the enhanced SC and the KP phase will be discussed later in this subsection.
For the SC correlations corresponding to λ − sc (r), owing to the large errors in λ − sc (r), we cannot estimate θ − sc for the TLL phase in the high-field region, since the power-law fitting does not work. The difficulty in the fitting can be understood as follows. Let us consider the simple case: one-dimensional free fermions with the transverse magnetic field h. In this case, the SC correlation function for the odd parity sector with the periodic boundary condition is given by
Here, k Let us return to the data θ − sc . One can notice θ − sc ∼ 1.2 in the TLL phase close to the FP phase. However, this does not mean the enhancement of the SC correlations. In this region, the system size is too small to estimate the SC exponents correctly and the value θ − sc ∼ 1.2 is not reliable. This is also understood by the free fermion case. If k up F is very small and the length |k − j| is not sufficiently large,
.
This leads to underestimation of θ − sc . In the FP phase, the SC correlations are trivial. The conduction electrons are decoupled from the local spins owing to the strong magnetic field, which leads to θ + sc ≃ θ free sc = 2. As in the KP phase, there is a finite energy gap between the ground state and the excited state with the distinct spin-inversion parity to that of the ground state. Thus, λ − sc (r) ∼ exp(−r/ξ − sc ) and θ − sc is not shown in Figs. 5(a) and 5(b). To summarize the above results, the SC correlations corresponding to λ + max (r) are enhanced (θ + sc < 2) in the TLL phase close to the KP phase, suppressed (θ + sc > 2) in the KP phase, and neither enhanced nor suppressed in other phases. These are our main results in this paper. For the SC correlations corresponding to λ − max (r), they show the exponential decay in the KP phase, and θ − sc 2.0 for the other phases. There is no clear sign of the enhancement of the SC correlations corresponding to λ − max (r). Now, we discuss the relation between the enhanced SC correlations and the magnetization m x . For large J and small h, the system is in the FM phase. There, the alignment of the electron spins is antiparallel to the local spins ordered along the z-direction owing to I > 0. Thus, the electron spins are aligned along the z-direction. If h is small, both the electron and local spins slightly tilt to the x-direction, leading to small negative value m x < 0 in the KP phase [ Fig. 5(f) ]. As h increases, m x also increases and is equal to zero in an intermediate field. The enhancement of the SC correlations corresponding to λ + max (r) occurs around this region, which means that the vanishing effective magnetic fields for the conduction electrons is strongly related to the enhancement in the SC correlations. The similar tendency is seen for the J = 1.0 case [ Fig. 5(e) ], while the SC correlations are not enhanced for J = 0.5, since m x shows a monotonic increase as shown in Fig. 5(d) and this is related to the absent of the KP phase.
Let us finally discuss the relation between the SC correlation and the phase diagram for the spin-1/2 KLM. Figures 6(a)-6(c) represent θ + sc for n c = 4/5, 1/2, and 3/10, respectively. One can see that the SC correlations are enhanced in the TLL phase close to the KP phase. The condition for the enhancement is indeed related to the vanishing conduction electron magnetization m x ∼ 0. In Fig. 6 , in addition to the phase boundary among the KP, FM, TLL, and FP phases, the curve along which m x ∼ 0 is also indicated by dashed lines with filled circles. Clearly, θ + sc shows a valley structure at which m x ∼ 0 for all the three filling cases. Thus, the tendency is common for the wide-range of parameter spaces. Note that, for smaller filling, the SC correlations gradually suppressed as seen in Fig. 6 (c).
Profile of composite Cooper pairs
In this subsection, we will discuss the profile of the Cooper pairs. The eigenvector of Eq. (17) , v R,max (r), contains the information about which components are dominant. The corresponding eigenvalue λ ± max (r) represents the amplitude of the correlations at the distance r. Since the diagonalization of the (a) (g) (m) (s) Fig. 5(a) , we here try to explain our analysis used in the following discussions. Figures 7(a) and 7(b) show the r dependence of |λ ± max (r)| and λ ± max (r), respectively, in the FM phase for h = 0.0, J = 2.0, I = 1.0, and N = 120 with the cutoff m = 500. The two eigenvalues λ + max (r) and λ − max (r) are almost the same and exhibit a monotonic decrease as r increases. This means that the SC eigenmodes corresponding to λ ± max (r) are degenerate. Now, we discuss which components in Eqs. (9) and (10) are dominant for the modes with λ ± max (r). To prevent the notational complexity of Eqs. (9) and (10) with the four indices, we introduce the following notation for the local operators with the index n that corresponds to the set (α, p):
The list of S n j is given in Table B·1 . Thus, the Cooper pairs in Eqs. (9) and (10) can be represented by the product of two S 1,2,··· j 's for the intersite pairs or a single S a,b,··· j for the local pairs. We denote them as
D n j, j = S n j , (n = a, b, c, · · · ).
The weights of the largest nine elements in the amplitude of v + R,max (r) for r = 30 are shown in Fig. 7(c) . The two numbers for the horizontal axis correspond to the indices n and m in Eq. (23). The two largest components have almost the same magnitude ∼ 0.37. In the operator form, they read
Here, Q pq j = |p j q| j represents a local spin operator with p, q = ± being the spin-inversion parity as defined in Eq. (11) . The next six have almost the same magnitude ≃ 0.32 ∼ 0.36. These eight largest components occupy 97 % of all the weights. The same is also true for the eight largest components in v − R,max (r) as shown in Fig. 7(d) . As shown in Figs. 7(e) and 7(f), the eigenvectors do not vary as a function of r for 10 < r < 50; the inner products v ± R,max (30) · v ± R,max (r) and v ± R,max (30) · [v ± L,max (r)] T are almost equal to 1. This indicates that the modes shown in Figs. 7(c) and 7(d) are dominant ones for wide range of r.
Now, let us assume that these leading components have the same magnitude in order to visualize the profile. After taking the linear combinations of them, the two degenerate leading Cooper pairs turn out to be
and
where we have introduced the operators P j,σ = |σ j σ| j with σ =↑, ↓ andŜ ± j =Ŝ x j ± iŜ y j . Since the Cooper pairs can be taken to be eigen operators for the z-component of the total spinŜ tot z = N j=1 (ŝ z j +Ŝ z j ) for h = 0, we define A ↓↓ (A ↑↑ ) as ones with the eigenvalue +1(−1). Since the electron spins antiferromagnetically couple to the local spins, those representing the local AFM correlations are present in Eqs. (26) and (27) . The other combinations such as P j,↑ c j,↑ , S + j c j,↓ , etc., represent local FM correlations, and thus, are absent. Note also that the combination P j,↓ c j,↑ −Ŝ − j c j,↓ ∼ [ŝ j ·Ŝ j , c j,↑ ] ∼ −i∂c j,↑ /∂t, 68) where ∂/∂t is the time (t) derivative, and we have ignored non-composite components as is valid for strong AF correlation cases. Roughly speaking, A σσ ∼ (∂c j,σ /∂t)(∂c j+1,σ /∂t).
In the KP phase, the SC correlations are weak. λ + max (r) is suppressed with θ + sc = 2.51, and λ − max (r) decays exponentially with ξ − sc = 0.82 as shown in Fig. 7(g) . Although the SC correlations are weak, the leading SC correlations correspond to the even sector: λ + max (r). From Fig. 7 (i), one can obtain the Cooper pairs with the largest amplitude ≃ ±0.5:
These four in total correspond to the following Cooper pair,
In the KP phase, the intermediate field h makes the local spins align along the positive x-direction and induce the local state |+ j , while the electron spins still couple to the local spins antiferromagnetically owing to the large J > h. Thus, only the operators generating the intermediate state |+ j appear in Eq. (29), while keeping the local AFM correlations. λ + max (r) decays without oscillations as shown in Fig. 7 (h) and the dominant Cooper pairs represented by Eq. (29) are stable over the long distance. See Fig. 7(k) . Fig. 7(l) ]. Because of them, it is difficult to determine the SC correlations corresponding to λ − max (r). Fortunately, they are not the dominant ones, and thus, not important.
When J = 2.0 and h = 1.3, in the TLL phase, the SC correlations in the even parity sector are strongly enhanced with θ + sc = 1.41(4) as depicted in Fig. 7(m) . To confirm that this enhancement occurs in the thermodynamic limit, we calculate θ + sc for N = 80, 100, and 120 with the cutoff m = 700. The results are shown in Fig. 8 and indicate that θ + sc tends to be slightly smaller with increasing N. From this, we conclude that N = 120 is sufficient to study the bulk properties. The Cooper pairs corresponding to the enhanced SC correlations are read from Fig. 7(o) :
D 2,2 j, j+1 and D 1,1 j, j+1 have the amplitude ≃ 0.6 and ≃ 0.5, respectively, and they occupy 61 % among all the weight. The appearance of these Cooper pairs is qualitatively understood as follows. Since the local spins almost aligned along the positive x-direction by the large h, the conduction electrons can couple to the local spins only through Q ++ j = |+ j +| j , otherwise vanishes if acting the ground state. Since the KP phase exists nearby, the AFM correlations represented by |+ j +| jĉ j,− still exist in Eq. (30) . The clear distinction from the Cooper pairs in the FM and the KP phases lies in the fact that the second leading pair represented by Eq. (31) consists of the ferromagnetically coupled one with |+ j +| jĉ j,+ . This strongly suggests that the SC correlations are enhanced by the spin fluctuations.
Assuming that these Cooper pairs have the same amplitude, the leading Composite Cooper pair is represented by
This form of the composite Cooper pair with even spininversion parity is another main result in this paper. A can be regarded as the equal-spin pairing between the nearestneighbors under the background of polarized local moments. We have checked that qualitatively the same Cooper pairs are formed and enhanced for n c = 3/10 and 4/5. It is evident from Fig. 7 (q) that this Cooper pair in Eq. (32) is enhanced over the wide range of the system. We also show the Cooper pair components in the odd sector in Fig. 7 (p) and its stability in Fig. 7(r) . The inner product v − R,max (30) · v − R,L,max (r) shows the oscillations, which suggests the spatially modulated superconductivity. However, the corresponding SC correlations are not enhanced θ − sc > 2 as shown in Fig. 7 (m) and they are not important.
Finally, we explain the SC correlation for h = 3.0 in the TLL phase close to the FP phase. As discussed in Sect. 4.2, near the saturation field, the value of θ − sc is underestimated. This underestimation comes from the presence of the small Fermi wavenumber k up F [Eq. (21) ]. We calculate the SC correlation matrix in the odd sector [Eq. (17) ] for the free fermion case with k up F = 2π/N. As is clearly shown in Fig. 7(r 
Results for the spin-1 KLM
In this subsection, we explain the SC correlations for the spin-1 KLM. Unlike the case of the spin-1/2 KLM, there is no sign of the enhancement of the SC correlations, namely, θ ± sc 2 or λ ± max (r) decays exponentially for all the phases. Figure 9 shows h dependence of θ ± sc and the magnetizations for N = 120, n c = 1/2, D = 1.0 and J = 1.0 and 2.0 with the cutoff m = 400. λ + max (r) shows a power-law decay for the FM, KP, and TLL phases, while λ − max (r) decays exponentially for the KP phase, and thus, not shown. These tendencies are similar to the case of the spin-1/2 KLM. The differences between the results of the spin-1/2 and -1 KLMs are as follows. First, the SC correlations show no enhancement in all the re- gion of the magnetic fields; θ ± sc > 2. The detailed behavior is also different. For example, θ + sc are suppressed around the phase boundary between the FM and KP phases as shown in Fig. 9(a) , while for the spin-1/2 case, the SC correlations are suppressed in the middle of the KP phase. See Fig. 5(c) . Second, in the TLL phase, the values of θ − sc and θ + sc are similar as shown in Figs. 9(a) and 9(c). The SC correlations themselves are lager for the odd-parity sector than those for the even parity sector [λ − max (r) > λ + max (r)]. Note that for the spin-1/2 case, the SC correlations for the even parity are most enhanced as discussed in Fig. 5(c) . For J = 1.0, there is an AFM phase for small h. We find that the SC correlations are strongly suppressed in the AFM phase, where λ ± max (r) shows an exponen-tial decay and θ ± sc is not shown in Fig. 9 (c). As discussed in Sect. 4.2, the estimation of θ − sc in the TLL phase close to the FP phase is difficult owing to the presence of the long wavelength oscillations with λ Now, we briefly discuss the r dependence of λ ± max (r) and the corresponding SC correlations in the TLL phase. Figure  10 shows the SC correlation functions for N = 120, n c = 1/2, D = 1.0, J = 2.0, and h = 2.4 with the cutoff m = 400. For these parameters, m x /m sat ≃ 0 and the value of θ + sc takes the local minimum ≃ 2.21(1) as a function of h. One can see λ − max (r) > λ + max (r) in Fig. 10(a) , and this means that the SC correlations in the odd sector are dominant in the TLL phase. The weights of the largest ten elements in v ± R,max (30) are shown in Figs. 10(b) and 10(c). One can read the corresponding Cooper pairs from Table B·1 as discussed in Sect. 4.3. Unfortunately, it is difficult to deduce the intuitive form from the distribution in Figs. 10(b) and 10(c), since many elements have similar weights. In addition to this, the inner product v − R,max (30) · v − R,L,max (r) shows oscillations [ Fig. 10(e) ], which suggests that the mode is spatially modulated and also causes the difficulty in identifying the dominant Cooper pairs in the odd sector. In contrast, the Cooper pairs in the even sector are stable over the long distance, since v + R,max (30) · v + R,L,max (r) takes the value ≃ 1 [ Fig. 10(d) ]. However, the SC correlations corresponding to v + R,max (r) are not the dominant ones. Although there remain uncertainties in the determinations of the dominant Cooper pairs, we conclude that the SC correlations are not enhanced for the spin-1 KLM. Since there are a finite energy cost ≃ D to flip the local spin |⇑ , |⇓ → |O for generating spin-fluctuations |⇑ ↔ |⇓ , while in the spin-1/2 KLM, the flip of the local spins are possible without energy costs. The presence of the intermediate state |O is expected to be one of the main reasons why the spin-1 KLM shows no enhancement in the SC correlations.
Discussions
In this section, we will discuss our results and compare them to the experimental data in U-based ferromagnetic superconductors mainly URhGe in mind. In Sect. 5.1, we will briefly discuss the effects of the longitudinal magnetic field. Unlike the case of the transverse magnetic field, the longitudinal magnetic field does not enhance the SC correlations. In Sect. 5.2, we will summarize the difference between the spin-1/2 and spin-1 KLMs. Finally in Sect. 5.3, we will compare our results with the experimental data and those in other theoretical studies.
Effects of longitudinal magnetic fields
So far, we have discussed the situation where the magnetic field is applied to the transverse direction. Readers might wonder that how about the longitudinal fields? In this subsection, we briefly discuss the SC correlations under the longitudinal magnetic fields h z for the spin-1/2 KLM. The magnetic field term in Eq. (1) is replaced by −h z N j=1 (ŝ z j +Ŝ z j ). We calculate the SC correlations in the same manner as in the case of the transverse magnetic field, and we find no clear enhancement in the SC correlations.
As discussed in Sect. 4.3 [see the line of discussion for Eqs. (26) and (27) 
Here, λ (s z ) max (r) corresponds to the dominant Cooper pairs with the eigenvalue s z . We also define the average value of the Cooper pairs:
which can also characterize the enhancement of the SC correlations. Figure 11 shows the results for N = 60, n c = 1/2, J = 2.0 and I = 1.0 with the cutoff m = 500. Note that the ground state is always degenerate with ±S tot z . We will show the data for S tot z ≥ 0 sectors. We find that λ (s z ) max (r) with s z = −1, 0, 1 shows a power-law decay as shown in Fig. 11(a) , and the other SC correlations decay exponentially (not shown). In particular, the SC correlations with s z = 1 are dominant in the FM phase for h z 0.25, while the those with s z = 0 are dominant in the paramagnetic phase h z 0.25. Note that the dominant Cooper pair in the FM phase is A ↓↓ in Eq. (26), although it is "↓↓" owing to the fact that the definition Eq. (26) is based on the annihilation operators. We have checked that A ↑↑ in Eq. (27) is dominant for the other FM domain with S tot z < 0. We also present h z dependence of ∆ (s z ) av in Fig. 11(b) . From this, one can clearly see that the SC correlations with s z = 1 have the maximum amplitude in the FM phase. The SC correlations with s z = 0 are suddenly induced around h ≃ 0.25, where the FM phase is destabilized by h z and the magnetizations along the z-direction start to increase as shown in Fig. 11(c) . The SC Among all λ (s z ) max (r), the SC correlations with s z = 1 are dominant in the FM phase and the ones with s z = 0 are induced by h z . However, the exponents θ (0) sc and θ (1) sc are always larger than θ free sc = 2 or ∼ 2 within error bars as depicted in Fig. 11(a) . Thus, we conclude that the SC correlations shows no noticeable enhancement under the longitudinal magnetic field in a stark contrast to the case of the transverse field in the Ising anisotropic spin-1/2 KLM.
Spin-1/2 vs spin-1
In this paper, we have studied the SC correlations in the spin-1/2 and spin-1 KLMs under the magnetic fields. The enhancement of the SC correlations occurs in the spin-1/2 KLM, when the magnetic field is applied along the transverse direction (x-direction). In Sect. 4, we have discussed this, paying our attention to the vanishing conduction electron magnetization m x ∼ 0 near the KP phase. See Fig. 5 . This is a kind of the Jaccarino-Peter effects, 71) although the present Cooper pairs are composite ones and equal-spin pairing if focusing on the conduction electron part. When m x ∼ 0, the effective magnetic field felt by the conduction electrons is small. It is natural to expect that there are large spin-fluctuations, which are one of the relevant mechanism for this enhanced SC correlation.
This view can also explain why there is no noticeable enhancement in the SC correlations in the spin-1 KLM as discussed in Sect. 4.4. The single-ion anisotropy strongly suppresses the local spin-flip, leading to suppression of the conduction electron spin fluctuations. Note that this reasoning is valid only when the exchange interactions considered contain terms changing the spin ±1. In general, larger local spins have many intermediate states between the polarized states |S and |−S , and the presence of these states suppresses the fluctuations of the local and electron spins.
The above argument is, of course, just representing one aspect. One can consider other origins for the mechanism of enhanced SC correlations. Indeed, we have calculated the SC correlations in the spin-1 KLM with Ising interactions. Namely, the Hamiltonian is the same as in Eq. (1) except for the magnitude of the local spins. This model shows the enhancement of the SC correlations θ + sc ≃ 1.71(2) for J = 1.5, h = 1.4, and n c = 1/2 in the TLL phase. Thus, in addition to the magnitude of the local spins, the the types of the Ising anisotropy are also important for the SC correlations. It seems that superconductivity favors the exchange anisotropy rather than the single-ion anisotropy.
Comparison with the experiments and other theories
As mentioned in Introduction, URhGe shows a reentrant superconductivity for the magnetic field H b ∼ 8 T and this magnetic field corresponds to the phase boundary between the FM and paramagnetic phases under the field. There is also a metamagnetic increase as increasing the magnetic field at around 8 T. 11, 12) One of the authors have discussed the reentrant superconductivity with the mean-field and spin-wave approximations. 25) The weak point there is that the mean-field treatment cannot take into account the metamagnetic fluctuations. In this respect, the present analysis can fully take into account such fluctuations, and indeed the results show both enhanced SC correlations and metamagnetic behaviors. For example, the magnetization curve in Fig. 5(e) is qualitatively similar to the experimental data. 11) The SC correlations are enhanced [ Fig. 5(b) ] near the magnetic field where the metamagnetic increase occurs. This is at the FM-KP boundary, but the KP phase is very narrow in this parameter. Although it is vey hard to translate the TLL to the real three-dimensional systems, the physics behind the competition among the transverse field, the Ising anisotropy, and the Kondo correlation is expected to be common beyond the one-dimensional systems.
We must note that the present results do not explain the superconductivity inside the FM states. To construct microscopic models in which FM superconductivity emerges is a nontrivial challenge and this remains as one of our future works.
In our calculations, the SC correlations for the smaller J region continuously change to those for the larger J in the phase diagram in Fig. 6 . Note that for large J, there is a field at which m x = 0 and the composite pairs are approximately in a form of Eq. (32) . For smaller J, m x is always positive as shown in Fig. 5(e) . Then, an imbalance between Eqs. (30) and (31) is generally induced. As discussed in Sect. 5.2, this is a kind of the Jaccarino-Peter superconductivity but is different from the zero-spin paring state owing to the Jaccarino-Peter effect that appears in the Ising-magnon mechanism. 25) The composite pairs (32) are rather similar to the equal spin paring state near the saturation field 25) except for the "compositeness". Our results indicate that the both types of the SC correlations continuously crossover with each other and the physics behind them is common.
For quantitative comparison between the theory and experiments, further effort is needed. For this, it is necessary to take into account realistic band structure including the band touchings, 28) the proper interactions, and the orbital-pair breaking effect 25) that is absent in one-dimensional models.
Summary
We have analyzed superconducting correlations in the spin-1/2 and spin-1 Kondo lattice models by using the density matrix renormalization group. Our main result is that superconducting correlations for the spin-1/2 model are strongly enhanced under transverse magnetic fields. The condition for the enhancement is related to the zero magnetization of the conduction electrons, where strong fluctuations are expected. This condition is related to the competitions between the Kondo-singlet formation and transverse magnetic fields. For the spin-1 model, we have not found enhancement in the SC correlations, possibly owing to the fact that the singleion anisotropy prevents the local spins from fluctuating. We have also checked there is no clear enhancement in the SC correlations under longitudinal magnetic fields. Our results give a microscopic explanation for the superconductivity under the transverse field in URhGe and related compounds. For larger spin models, our results suggest that there need directfluctuation path that can skip intermediate state with high energy. This depends microscopic model and material itself. To construct/understand the microscopic model for real materials is our future work.
